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Two important problems

1. Translate the convergence property of ODEs to algorithms:

Combine error analysis in ODE and complexity analysis in OPT

2. Select the best coefficients for (ISHD):

A learning to optimize framework with theoretical guarantee

An enhanced convergence condition for (ISHD)

Given κ ∈ (0,1],λ ∈ (0,α− 1], we define
δ(t) = t2(γ(t)−κβ̇(t)−κβ(t)/t)+ (κ(α− 1−λ)−λ(1−κ))tβ(t),
w(t) = γ(t)− β̇(t)−β(t)/t.

Theorem1: Suppose the following conditions hold true under somemild

assumptions:

δ(t)> 0, and δ̇(t) ≤ λtw(t). (CVG-CDT)

Then, the solution trajectory of (ISHD), x(t), is bounded and the follow-
ing inequalities can be derived:

f (x(t))−f? ≤ O
(

1
δ(t)

)
,

∫ ∞

t0
t(α− 1−λ)‖ẋ(t)‖2 dt≤ ∞,

‖∇f (x(t))‖ ≤ O
(

1
tβ(t)

)
,

∫ ∞

t0
t2β(t)w(t)‖∇f (x)‖2 dt≤ ∞.

Directly applying 4-th Runge-Kutta to (ISHD) diverges

Using ∇2f (x(t))ẋ(t) = d
dt∇f (x(t)), (ISHD) equals to(

ẋ(t)
v̇(t)

)
=

(
v(t)−β(t)∇f (x(t))

−α
t
(v(t)−β(t)∇f (x(t)))+ (β̇(t)−γ(t))∇f (x(t))

)
︸ ︷︷ ︸

ψΞ(x(t),v(t),t),where Ξ=(α,β(·),γ(·))

(FRT-ODR)

Given h > 0, the forward Euler scheme of (FRT-ODR) writes
xk+1 −xk

h
= vk−β(tk)∇f (xk)

vk+1 −vk
h

= −α
t

(vk−β(tk)∇f (xk))+ (β̇(tk)−γ(tk))∇f (xk)
(EIGAC)

where tk = t0 +kh, and v(t0) = x(t0)+β(t0)∇f (x(t0))
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Consider

min
x∈Rn

f (x) = 1
N

N∑
i=1

log(1+exp(−bi〈ai,w〉))

Set p = 5,α = 2p+1,β(t) ≡ 0 and
γ(t) = p2tp−2 in (ISHD)

Then, κ = 1,λ = α− 1, δ(t) = p2tp, and
w(t) = p2tp−2

(CVG-CDT) holds and f (x(t))−f? ≤ O(1/tp)

A stability condition for applying the forward Euler scheme

Suppose (CVG-CDT) holds. Given t0, s0, h, the sequence {xk}∞
k=0 generated

by (EIGAC), we denote the continuous time interpolation x̄(t) as

x̄(t) = xk+ xk+1 −xk
h

(t− tk), t ∈ [tk, tk+1).

Then, it holds f (xk)−f? ≤ O(1/k) under the following stability condition:
Λ(x,f ) ≥ ‖∇2f (x)‖, αβ(t)/t≤ γ(t)− β̇(t) ≤ β(t)/h,√∫ 1

0
Λ((1− τ )X(t,Ξ,f )+ τ x̄(t),f )dτ

≤

√
γ(t)− β̇(t)+

√
γ(t)− β̇(t)− α

tβ(t)
β(t)

.

(STB-CDT)

Selecting the best ODE using a complexity-inspired model
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L2O Framework: minimize the expectation of stopping time under condi-

tions of convergence and stable discretization

min
Ξ

Ef [T (Ξ,f )]
s.t. Ef [P (Ξ,f )] ≤ 0 Ef [Q(Ξ,f )] ≤ 0

Setting P,Q≤ 0 ensures (CVG-CDT) and (STB-CDT) hold for f

P (Ξ,f ) =
∫ T (Ξ,f )

t0
p(X(t,Ξ,f ), x̄(t),Ξ, t,f )dt,Q(Ξ,f ) =

∫ T (Ξ,f )

t0
q(Ξ, t)dt

Induced Probability: Given a random variable ξ ∼ P. We say P is the in-

duced probability of the parameterized function f (·;ξ)

Ef [T (Ξ,f )] =
∫
ξ
T (Ξ,f (·;ξ))dP(ξ) = Eξ[T (Ξ,f (·;ξ))]

Stopping Time: X(Ξ, t,f ) is the trajectory of (ISHD). Given ε > 0, the stop-
ping time of the criterion ‖∇f (x)‖ ≤ ε is

T (Ξ,f ) = inf{t | ‖∇f (X(Ξ, t,f ))‖ ≤ ε, t≥ t0}

Solve the L2O problem using stochastic penalty method

Parameterization: β → βθ1,γ → γθ2. Set θ = (α,θ1, θ2)
Stochastic Penalty Method (StoPM): Apply SGD to `1 exact penalty func-
tion of the L2O problem

min
θ

Υρ(θ) = Ef [T (θ,f )]+ρ
(
Ef [P (θ,f )]+Ef [Q(θ,f )]

)
= Ef [T (θ,f )+ρ (P (θ,f )+Q(θ,f ))]

Gradient of stopping time: Take limit: ‖∇f (X(T (θ,f ),f,θ))‖2 − ε2 ≡ 0. im-
plicit function theorem gives

∇f (X)>∇2f (X)
(
∂X

∂t

∣∣∣∣
t=T

∇θT (θ,f )+ ∂X

∂θ

)
= 0

Gradient of P and Q: Combine chain rule and ∇θT (θ,f )
Nonsmooth cases: Replace gradient with conservative gradient

Convergence: StoPM converges to a feasible stationary point under uni-

form sufficient decrease condition

Test process on logistic regression with different dataset
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(e) separable
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